
Department of Mechanical, Materials & Manufacturing Engineering 
MMME2053 – Mechanics of Solids 

 
 

 
2013-2014 MM2MS3 Exam Solutions 
 

1 

2013-2014 MM2MS3 Exam Solutions 

 

1.  

(a)  

 

Total area,  

𝐴 = (12 × 100)! + (88 × 10)" = 2080	mm# 

[2 marks] 

Taking moments about AA: 

𝑦. =
(12 × 100 × 50)! + (88 × 10 × 70)"

2080
= 𝟓𝟖. 𝟒𝟔	𝐦𝐦 

[2 marks] 

Similarly, taking moments about BB: 

𝑥̅ =
(100 × 12 × 6)! + (10 × 88 × 56)"

2080
= 𝟐𝟕. 𝟏𝟓	𝐦𝐦 

[2 marks] 
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(b)  

Therefore, using the Parallel Axis Theorem, 

𝐼$! = (𝐼$ + 𝐴𝑏#)! + (𝐼$ + 𝐴𝑏#)" 

= ?
12 × 100%

12
+ 12 × 100 × (50 − 58.46)#B + ?

88 × 10%

12
+ 88 × 10 × (70 − 58.46)#B 

= 1,210,410.26	mm& 

[2 marks] 

and, 

𝐼'! = D𝐼' + 𝐴𝑎#F! + D𝐼' + 𝐴𝑎
#F
"

 

= ?
100 × 12%

12
+ 100 × 12 × (6 − 27.15)#B + ?

10 × 88%

12
+ 10 × 88 × (56 − 27.15)#B 

= 1,851,524.13	mm& 

[2 marks] 

Also, 

𝐼$!'! = D𝐼$' + 𝐴𝑎𝑏F! + D𝐼$' + 𝐴𝑎𝑏F" 

= D0 + 12 × 100 × (6 − 27.15) × (50 − 58.46)F + D0 + 88 × 10 × (56 − 27.15) × (70 − 58.46)F 

= 507,692.32	mm& 

[2 marks] 

Mohr’s Circle, 

 

[3 marks] 
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𝐶𝑒𝑛𝑡𝑟𝑒, 𝐶 =
𝐼$( + 𝐼'(

2
=
1,210,410.26 + 1,851,524.13

2
= 1,530,967.2	mm& 

𝑅𝑎𝑑𝑖𝑢𝑠, 𝑅 = ST
𝐼$! − 𝐼'!

2 U
#

+ 𝐼$!'!# = ST
1,210,410.26 − 1,851,524.13

2 U
#

+ 507,692.32# = 600,423.38	mm& 

[2 marks] 

Therefore, the Principal 2nd Moments of Area are: 

𝐼) = 𝐶 + 𝑅 = 1,530,967.2 + 600,423.38 = 𝟐, 𝟏𝟑𝟏, 𝟑𝟗𝟎. 𝟓𝟖	𝐦𝐦𝟒 

and, 

𝐼+ = 𝐶 − 𝑅 = 1,530,967.2 − 600,423.38 = 𝟗𝟑𝟎, 𝟓𝟒𝟑. 𝟖𝟐	𝐦𝐦𝟒 

[2 marks] 

 

(c)  

From the Mohr’s circle above: 

𝑠𝑖𝑛2𝜃 =
−𝐼$!'!
𝑅

=
507,692.32
600,423.38

 

∴ 𝜽 = −𝟎. 𝟓𝟎𝟒𝒓𝒂𝒅 = −𝟐𝟖. 𝟖𝟕° 

[3 marks] 

Therefore the Principal Axes are at -28.87° (anti-clockwise) from the 𝑥-𝑦 axes, as shown on the diagram below. 

 

[3 marks] 
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2.  

(a)  

Figure Q2.1 shows an element of a straight beam, length 𝛿𝑠, which bends to curvature 𝑅, due to an applied bending 
moment 𝑀. The angle subtended by the element of beam is 𝛿𝜙, also equal to the change in slope of the beam over 
𝛿𝑠. 

 

Fig Q2.1 Element of a Beam 

[1 mark] 

Therefore, the strain energy (work done) for the element, 𝛿𝑈, is given by (area under the curve in Fig Q2.2): 

 𝛿𝑈 =
1
2
𝑀𝛿𝜙 (1) 

 

 

Fig Q2.2 Plot of Strain Energy in a Beam 

[1 mark] 

Equation of an arc: 

 𝛿𝑠 = 𝑅𝛿𝜙 (2) 

 

Work Done
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and Beam Bending equation:  

 
𝑀
𝐼
=
𝐸
𝑅

 (3) 

 

Therefore, rearranging (3) for 𝑅 and substituting this into (2): 

𝛿𝑠 =
𝐸𝐼
𝑀
𝛿𝜙 

∴ 𝛿𝜙 =
𝑀
𝐸𝐼
𝛿𝑠 

 

Substituting this into (1) gives: 

 𝛿𝑈 =
𝑀#

2𝐸𝐼
𝛿𝑠 (4) 

[1 mark] 

Thus, for a beam of length, 𝐿, integrating (4) across this length gives: 

𝑼 = g
𝑴𝟐

𝟐𝑬𝑰

𝑳

𝟎

𝜹𝒙 

[2 marks] 

 

(b)  

Second Moment of Area, 𝐼, calculation: 

 

Beam cross-section 

𝐼 =
𝜋𝐷&

64
=
𝜋 × 40&

64
= 125,663.71	mm& 

[1 mark] 

 

 

D
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Adding dummy load, 𝑄, and labelling the structure: 

 

[1 mark] 

Free body diagram for section AB (bending only): 

 

[2 marks] 

Taking moments about X-X: 

𝑀/0 = 𝑃𝑎 + 𝑄(𝑅 − 𝑏) = 𝑃𝑅𝑐𝑜𝑠𝜙 + 𝑄(𝑅 − 𝑅𝑠𝑖𝑛𝜙) = 𝑅D𝑃𝑐𝑜𝑠𝜙 + 𝑄(1 − 𝑠𝑖𝑛𝜙)F 

[1 mark] 

Substituting this into the equation for Strain Energy in a beam under bending gives, 

𝑈/0 = g
𝑀/0#

2𝐸𝐼
𝑑𝑠 = g

s𝑅D𝑃𝑐𝑜𝑠𝜙 + 𝑄(1 − 𝑠𝑖𝑛𝜙)Ft
#

2𝐸𝐼
𝑅𝑑𝜙

1
#2

3

 

where, 

𝑑𝑥 = 𝑅𝑑𝜙 

∴ 𝑈/0 =
𝑅%

2𝐸𝐼
g D𝑃𝑐𝑜𝑠𝜙 + 𝑄(1 − 𝑠𝑖𝑛𝜙)F#𝑑𝜙

1
#2

3

 

[1 mark] 
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Free body diagram for section BC (bending only): 

 

[2 marks] 

Taking moments about Y-Y: 

𝑀04 = 𝑃𝑅 + 𝑄(𝑅 + 𝑥) 

[1 mark] 

Substituting this into the equation for Strain Energy in a beam under bending gives, 

𝑈04 = g
𝑀04

#

2𝐸𝐼
𝑑𝑠 =

1
2𝐸𝐼

gD𝑃𝑅 + 𝑄(𝑅 + 𝑥)F#𝑑𝑥
5

3

 

[1 mark] 

Total Strain Energy: 

 𝑈 = 𝑈/0 + 𝑈04 =
𝑅%

2𝐸𝐼
g D𝑃𝑐𝑜𝑠𝜙 + 𝑄(1 − 𝑠𝑖𝑛𝜙)F#𝑑𝜙

1
#2

3

+
1
2𝐸𝐼

gD𝑃𝑅 + 𝑄(𝑅 + 𝑥)F#𝑑𝑥
5

3

 (5) 

[2 marks] 

Vertical deflection at position A, 𝑢6"  

Differentiating (5) with respect to applied load, 𝑃: 

𝑢6" =
𝜕𝑈
𝜕𝑃

=
𝑅%

𝐸𝐼
g D𝑃𝑐𝑜𝑠𝜙 + 𝑄(1 − 𝑠𝑖𝑛𝜙)F(𝑐𝑜𝑠𝜙)𝑑𝜙

1
#2

3

+
1
𝐸𝐼
gD𝑃𝑅 + 𝑄(𝑅 + 𝑥)F(𝑅)𝑑𝑥
5

3

 

[1 mark] 

 

 

 

A

B
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Setting Dummy Load, 𝑄, to 0: 

 𝑢6" =
𝑃𝑅%

𝐸𝐼
g 𝑐𝑜𝑠#𝜙𝑑𝜙

1
#2

3

+
𝑃𝑅#

𝐸𝐼
g1𝑑𝑥
5

3

 (6) 

 

Trigonometric Identities: 

 𝑠𝑖𝑛#𝜙 + 𝑐𝑜𝑠#𝜙 = 1 (7) 

and, 

 𝑐𝑜𝑠2𝜙 = 𝑐𝑜𝑠#𝜙 − 𝑠𝑖𝑛#𝜙 (8) 

 

Rearranging (7) gives, 

𝑠𝑖𝑛#𝜙 = 1 − 𝑐𝑜𝑠#𝜙 

[1 mark] 

Substituting this into (8) gives, 

𝑐𝑜𝑠2𝜙 = 𝑐𝑜𝑠#𝜙 − (1 − 𝑐𝑜𝑠#𝜙) = 2𝑐𝑜𝑠#𝜙 − 1 

∴ 𝑐𝑜𝑠#𝜙 =
1
2
(𝑐𝑜𝑠2𝜙 + 1) 

 

Substituting this into (6) gives, 

𝑢6" =
𝑃𝑅%

𝐸𝐼
g

1
2
(𝑐𝑜𝑠2𝜙 + 1)𝑑𝜙

1
#2

3

+
𝑃𝑅#

𝐸𝐼
g1𝑑𝑥
5

3

=
𝑃𝑅%

2𝐸𝐼
v
𝑠𝑖𝑛2𝜙
2

+ 𝜙w
3

1
#2
+
𝑃𝑅#

𝐸𝐼
[𝑥]35  

=
𝑃𝑅%

2𝐸𝐼
?
𝑠𝑖𝑛(𝜋)
2

+
𝜋
2
B +

𝑃𝑅#

𝐸𝐼
(𝐿) =

𝜋𝑃𝑅%

4𝐸𝐼
+
𝑃𝑅#𝐿
𝐸𝐼

 

∴ 𝑢6" =
𝑃𝑅#

𝐸𝐼 T
𝜋𝑅
4
+ 𝐿U 

 

Substituting values of 𝑃, 𝑅, 𝐸, 𝐼 and 𝐿 into this gives: 

𝒖𝒗𝑨 = 𝟏. 𝟎𝟓𝟓	𝐦𝐦 

(downwards deflection, i.e. in the direction of the load, 𝑷) 

[2 marks] 
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Horizontal deflection at position A, 𝑢8"  

Differentiating (5) with respect to dummy load, 𝑄: 

𝑢8" =
𝜕𝑈
𝜕𝑄

=
𝑅%

𝐸𝐼
g D𝑃𝑐𝑜𝑠𝜙 + 𝑄(1 − 𝑠𝑖𝑛𝜙)F(1 − 𝑠𝑖𝑛𝜙)𝑑𝜙

1
#2

3

+
1
𝐸𝐼
gD𝑃𝑅 + 𝑄(𝑅 + 𝑥)F(𝑅 + 𝑥)𝑑𝑥
5

3

 

[1 mark] 

Setting Dummy Load, 𝑄, to 0: 

 𝑢8" =
𝜕𝑈
𝜕𝑄

=
𝑃𝑅%

𝐸𝐼
g (𝑐𝑜𝑠𝜙 − 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝜙)𝑑𝜙

1
#2

3

+
𝑃𝑅
𝐸𝐼

g(𝑅 + 𝑥)𝑑𝑥
5

3

 (9) 

 

Trigonometric Identity: 

𝑠𝑖𝑛2𝜙 = 2𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜙 

∴ 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜙 =
1
2
𝑠𝑖𝑛2𝜙 

[1 mark] 

Substituting this into (9) gives, 

𝑢8" =
𝑃𝑅%

𝐸𝐼
g T𝑐𝑜𝑠𝜙 −

1
2
𝑠𝑖𝑛2𝜙U𝑑𝜙

1
#2

3

+
𝑃𝑅
𝐸𝐼

g(𝑅 + 𝑥)𝑑𝑥
5

3

 

=
𝑃𝑅%

𝐸𝐼
v𝑠𝑖𝑛𝜙 +

1
4
𝑐𝑜𝑠2𝜙w

3

1
#2
+
𝑃𝑅
𝐸𝐼

|𝑅𝑥 +
𝑥#

2
}
3

5

 

=
𝑃𝑅%

𝐸𝐼
~?𝑠𝑖𝑛 s

𝜋
2
t +

1
4
𝑐𝑜𝑠(𝜋)B − ?

1
4
𝑐𝑜𝑠(0)B� +

𝑃𝑅
𝐸𝐼

?𝑅𝐿 +
𝐿#

2
B =

𝑃𝑅%

2𝐸𝐼
+
𝑃𝑅𝐿
𝐸𝐼 T

𝑅 +
𝐿
2U

 

∴ 𝑢8" =
𝑃𝑅
𝐸𝐼

~
𝑅#

2
+ 𝐿 T𝑅 +

𝐿
2U
� 

 

Substituting values of 𝑃, 𝑅, 𝐸, 𝐼 and 𝐿 into this gives: 

𝒖𝒉𝑨 = 𝟏. 𝟕𝟏	𝐦𝐦 

(deflection to the right, i.e. in the direction of the load, 𝑸) 

[2 marks]  
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3.  

(a)  
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(b)  
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4.  

(a)  

 

𝐼:;< = 𝐼00 =
𝑏𝑑%

12
=
50 × 25%

12
= 65,104.17	mm& 

[2 marks] 

 

(i) Hinged-hinged 

 

𝑃=>;? =
𝜋#𝐸𝐼
𝑙#

=
𝜋# × 209,000 × 65,104.17

1000#
= 134,293.45	N = 𝟏𝟑𝟒. 𝟐𝟗	𝐤𝐍 

[2 marks] 

 

 

 

 

 

50

25B B

A

A

All dimensions in mm
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(ii) Fixed-fixed 

 

𝑃=>;? =
4𝜋#𝐸𝐼
𝑙#

=
4 × 𝜋# × 209,000 × 65,104.17

1000#
= 537,173.81	N 

= 𝟓𝟑𝟕. 𝟏𝟕	𝐤𝐍 

[2 marks] 

 

(iii) Free-fixed 

 
𝑃=>;? =

2.045𝜋#𝐸𝐼
𝑙#

=
𝜋# × 209,000 × 65,104.17

4 × 1000#
= 33,573.36	N 

= 𝟑𝟑. 𝟓𝟕	𝐤𝐍 

[2 marks] 

 

(iv) Fixed-hinged 

 

𝑃=>;? =
2.045𝜋#𝐸𝐼

𝑙#
=
2.045 × 𝜋# × 209,000 × 65,104.17

1000#
= 274,630.11	N 

= 𝟐𝟕𝟒. 𝟔𝟑	𝐤𝐍 

[2 marks] 
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(b)  

Considering one of the tripod legs: 

 

[3 marks] 

𝐿 = �1500# + (500 − 50)# = 1,566.05	mm 

[2 marks] 

Buckling: 

𝑃=>;? =
𝜋#𝐸𝐼
𝐿#

=
𝜋# × 𝐸 × 𝜋𝐷

&

64
𝐿#

 

[3 marks] 

Plastic collapse: 

𝑃@ = 𝜎'𝐴 =
𝜎'𝜋𝐷#

4
 

[3 marks] 

For the load, 𝑃, to be equal to give failure by buckling and by plastic collapse: 

𝑃 = 𝑃=>;? = 𝑃@ 

∴
𝜋# × 𝐸 × 𝜋𝐷

&

64
𝐿#

=
𝜎'𝜋𝐷#

4
 

∴ 𝐷# =
16𝜎'𝐿#

𝜋#𝐸
 

∴ 𝐷 =
4𝐿
𝜋
�
𝜎'
𝐸
=
4 × 1,566.05

𝜋
S

250
209,000

 

1500

50
500

A

B
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∴ 𝑫 = 𝟔𝟖. 𝟗𝟔	𝐦𝐦 

[4 marks] 
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5.  
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6.  
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