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1.
(a)
B
a | P
Yy 25
1 s
b 10
100 C x 3
88
At e oo A
T
B
Total area,

A = (12 x 100), + (88 X 10), = 2080 mm?

[2 marks]
Taking moments about AA:
_ (12x100x50), + (88 x 10 x 70),
y = 2080 = 58.46 mm
[2 marks]
Similarly, taking moments about BB:
_ (100 x12x6), + (10 x 88 x 56),
X = 5080 =27.15 mm
[2 marks]
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(b)
Therefore, using the Parallel Axis Theorem,

Ly = (I, + Ab?)q + (I, + Ab?),

88 x 103

(12 x100°
N 12

12X 100 x (50 - 58.46)2> + (

+88x 10 x (70 — 58.46)2>

=1,210,410.26 mm*

[2 marks]

and,

Iy = (I, + Aa*)_+ (I, + Aa?),
100 x 123 10 x 883
= —1z +100 x 12 x (6 — 27.15)? | + 17 + 10 x 88 x (56 — 27.15)?
= 1,851,524.13 mm*

[2 marks]

Also,

Ity = (Iuy + Aab) + (I, + Aab),
= (0412 x 100 x (6 — 27.15) x (50 — 58.46)) + (0 + 88 x 10 x (56 — 27.15) x (70 — 58.46))

= 507,692.32 mm*

[2 marks]
Mohr’s Circle,

€

q, -~

£

S

S E

8 E

-g A ([X" Ix'y')

g

a

I Ip .
C 20 2" Moment
R (mm?)
B (I, —1)

[3 marks]
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Ly + 1, 1,210,410.26 +1,851,524.13

Centre,C = 5 5 = 1,530,967.2 mm*
] Ly — Ly 2 ) 1,210,410.26 — 1,851,524.13\° 4
Radius,R = (T) Ly ” = ( > ) +507,692.322 = 600,423.38 mm
[2 marks]
Therefore, the Principal 2" Moments of Area are:
Ip =C+R =1,530,967.2 + 600,423.38 = 2,131, 390. 58 mm*
and,
lo =C—R=1530,967.2 — 600,423.38 = 930, 543. 82 mm*
[2 marks]
(c)
From the Mohr’s circle above:
] =1l 507,692.32
Sin260 = —p™ = 500423.38
~ 0 =-0.504rad = —-28.87°
[3 marks]

Therefore the Principal Axes are at -28.87° (anti-clockwise) from the x-y axes, as shown on the diagram below.

P\

% 28.87°

[3 marks]
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2.

(a)

Figure Q2.1 shows an element of a straight beam, length §s, which bends to curvature R, due to an applied bending
moment M. The angle subtended by the element of beam is §¢, also equal to the change in slope of the beam over
s.

Fig Q2.1 Element of a Beam

[1 mark]
Therefore, the strain energy (work done) for the element, §U, is given by (area under the curve in Fig Q2.2):
1
SU = EMc?qb (1)
M
Work Done
¢
Fig Q2.2 Plot of Strain Energy in a Beam
[1 mark]

Equation of an arc:

5s = R6¢ (2)
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and Beam Bending equation:

~I =
|

Therefore, rearranging (3) for R and substituting this into (2):

o) —EI(S
s = M ¢
~ 0 = M o)
“0¢ =g
Substituting this into (1) gives:
2
oU :m8s

Thus, for a beam of length, L, integrating (4) across this length gives:

M2
Uv=|—3s

JZEI x
0

(b)

Second Moment of Area, I, calculation:

Beam cross-section

I_nD4_1rX4O4

64 64
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(3)

(4)

[1 mark]

[2 marks]

= = 125,663.71 mm*

[1 mark]
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Adding dummy load, @, and labelling the structure:

[1 mark]

Free body diagram for section AB (bending only):

x AR
*\;\{’\/1 ,,,,,,,,,,,,, Lp
Q/\\%P b
Mg BN
agi vy ]
a
[2 marks]
Taking moments about X-X:
Mg = Pa+ Q(R — b) = PRcos¢ + Q(R — Rsing) = R(Pcos¢ + Q(1 — sing))

[1 mark]

Substituting this into the equation for Strain Energy in a beam under bending gives,

/2 ] 2
J M, g2 . J (R(Pcos¢ +0Q(1 - sm(;b))) y
8= ) 2 T 2E1 ¢
0
where,
dx = Rd¢
/2
R3 _ 2
Uy = mj (Pcosd) +Q(1 - sm¢)) do
0

[1 mark]
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Free body diagram for section BC (bending only):

[2 marks]
Taking moments about Y-Y:
MBC =PR+Q(R+.X)
[1 mark]
Substituting this into the equation for Strain Energy in a beam under bending gives,
MBC
Ugec = PR R d
BC J 261 ¢ 2E1J( +QR+x)"dx
[1 mark]
Total Strain Energy:
/2
U=Uyp+Ugc = EJ (Pcosp + Q(1 — sing))’dep + ZEIJ(PR +Q(R +x))dx (5)
[2 marks]
Vertical deflection at position A, u,,,
Differentiating (5) with respect to applied load, P:
L
oUu R3
Uy, = 3P = E J (Pcosqb +Q(1 - smd)))(cosgb)dd) +—= J(PR + QR+ x))(R)dx
[1 mark]
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Setting Dummy Load, Q, to O:

/2
PR3 ) PR? (6)
Uy, = cos“pdo +W ldx
0 0
Trigonometric Identities:
sin?¢ + cos?¢p =1 (7)
and,
cos2¢ = cos?¢p — sin?¢p (8)

Rearranging (7) gives,

sin?¢ =1 — cos?¢

[1 mark]
Substituting this into (8) gives,
cos2¢ = cos?¢p — (1 — cos?p) = 2cos?¢p — 1
1
. cos?p = > (cos2¢ +1)
Substituting this into (6) gives,
T/
2 L T
Siis ~ (cos26 + 1)d $ PR g = PR Jom20 ] /2+PR2[ 16
oy =g | 70829 T T2 2 o EI o
0 0
_ PR? (sin(m) N /s N PR? W = PR3 N PR?L
C2EI\ 2 2 EI "~ 4EI EI
B PR? /mR b
Yoa = g ( 4 )
Substituting values of P, R, E, I and L into this gives:
u,, =1.055 mm
(downwards deflection, i.e. in the direction of the load, P)
[2 marks]
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Horizontal deflection at position A, uy, ,

Differentiating (5) with respect to dummy load, Q:

oUu R3

2
Up, = 20 = EJ (Pcos¢ + Q(1 — sing))(1 — sing)de + —J(PR +Q(R + %)) (R + x)dx
0

[1 mark]

Setting Dummy Load, Q, to O:

/2 L
aU—PR3 ( )de + J(R+ )d (9)
Up, = 30 EI cosp — cosgpsing)do x)dx
Trigonometric Identity:
sin2¢ = 2sin¢cosg
1
~ singcos¢p = Esianb

[1 mark]

Substituting this into (9) gives,

/2
PR3 1
Uny = T (cos¢ - —sm2¢ do + —J(R + x)dx
0
PR® 1 /2
= sing +— code)] + — Rx + ]
EI
B PR3 (n) LI 1 ) 1 ) PR RL 4 L? PR3 PRL R +L
= Er \(5mg) Fgeostm 4% T 2) =261 T E ( 2)
PR (R? L
Up, =E 7+L<R +§>
Substituting values of P, R, E, I and L into this gives:
Uy, = 1.71 mm
(deflection to the right, i.e. in the direction of the load, Q)

[2 marks]
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50 R
A
B """"""""""" B | 25 All dimensions in mm
A
bd® 50 x 253 .
Imin = IBB = E = T = 65,104.17 mm
[2 marks]
(i) Hinged-hinged
P
m?El 1% x 209,000 x 65,104.17
Peric = = = 134,293.45N = 134.29 kN

2 10002

[2 marks]
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(ii) Fixed-fixed

P

|

4m2E] _4x 2 % 209,000 X 65,104.17

erit =2 10002

=537.17 kN

(iii) Free-fixed

2.045m%El _ 2 % 209,000 X 65,104.17

erit =2 4 % 10002

= 33.57kN

(iv) Fixed-hinged

|

2.0457%E1 _2.045 % 7?2 % 209,000 X 65,104.17

erit =2 10002

= 274.63 kN
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= 537,173.81N

[2 marks]

= 33,573.36 N

[2 marks]

= 274,630.11 N

[2 marks]
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(b)

Considering one of the tripod legs:

L = /15002 + (500 — 50)2 = 1,566.05 mm

Buckling:
4
m2El T2 XE X %
Pcrit = LZ = LZ
Plastic collapse:
oymD?
b, =0,A= 2

For the load, P, to be equal to give failure by buckling and by plastic collapse:

P=Pcrit=Pp

nD*
' 77,'2 XEX—64 _ O'yT[DZ

L2 4

_ 160,12

D? =
m2E

Do 4L [0, 4x1566.05 | 250
T aNE T 209,000
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[3 marks]

[2 marks]

[3 marks]

[3 marks]
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<~ D =68.96 mm

2013-2014 MM2MS3 Exam Solutions

g

University of

Nottingham

UK | CHINA | MALAYSIA
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